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By I. Irving Pinkel and John S, Serafini

SUMMARY

A graphicsl method for obtaining the two-dimensional supersonic
flow wlth moderate heat additlon 1s presented. The bagic equations
were derived for flows in which the total temperature has a continuocus
variation with displacement in the .direction of the flow. For flows
at constant total temperatures before heat addition and with total
temperature varylng only in the directicn of the streamlines, simpli-

‘fied forms of the basic equations were obtained from which working

charts were plotted to facilitate comstruction of the flow. The
working charts cover the range of Mach number from 1.3 to 5.0. The
application of the methed and the charts are i1llustrated by a simple
example, glving the flow around a curved surface with addition of
heat in an adjacent finite layer where the initial total temperabturs
of the flow is the same on all gireamlines and lines of constant
total temperature in the heated portion of the flow lie approximately
normal to the streamlines.

INTRODUCTION

Current interest in supersonic flow includes flow through gas

turbines and in Jet-engine exhausts in which heat release by contin-
uing combustion of fuel introduced in an upstream combustion chamber
modifies the flow. The genéral problem of the effect of heat addition

on supersonic flows is of growing interest in the supersonic-flight

and miggile fields. The addition of heat to a gas flowing in a

constant-area duct with a steady supersonic velocliy has been investi-

geted (reference 1). A theory for one-dimensionsl steady compressible
fluid flow in ducts with heat addition 1s presented in reference 2.
An extension of the method of characteristics (for example, see refer-
ence 3) for the graphical construction of irrotational supersonic

flows was developed at the NACA Lewis laboratory and is presented
herein for obtalining the two-dimensional supersonic flow to whioch
heat 1s added. The method 1s restricted to flows in which the heat

transfer between adjacent stream tubes can be neglected and entropy
‘changes in the flow are due only to the addition of heat (shock-

free flow).
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The method of characterlistica provides a construction of the
irrotational flow field subdivided into zones in each of which the
Mach number, and therefore all properties of the flow, are constant.
When heat 1s added to the flow, further division of the flow is
required to account for the variation of total temperature and total
pressure throughout the fleld. In the rotational flow that results
from the addition of heat, compression and expansion waves arise in
the flow to maintain continuilty of static pressure aocross adjacent
streamlines. Because of the changes in total pressure and tempera-
ture and the generatlon of waves within, the flow streamlines and
heat-addition reference lines must be plotted with the waves. The
complexity of the graphical construction of the flow that resultbs
from heat addition and wave generation cen be reduced by methods
presented herein.

The equations developed as the basis of the proposed method ap-
Ply to any mode of heat addition that gives & contimuous variation of
total temperature with displacement in the direction of the flow {(but
not necessarlly continuous variation normal to the streamlines). For
flows at constant total temperature before heat addition and with
constant total temperature along lines approximately normsl to the
streamlines, simplified forms of the basic equations are obtalned
from which working charts have been plotted to facilitate the con-
gtruction of the flow.

As an illustrative example, application of the proposed method
is made to the problem of obtalning the heated supersonic-flow field
adjacent toc a curved wall. The initlal total temperature of the flow
is the same on all streamlines and lines of oconstant total tempera-
ture in the heated portion of the flow lie approximately normal &
the streamlines. '

SIMBOLS

The followlng symbols are used in this report:

Cp specific heat at constant pressure, herein assumed to be
constant

Cy specific heat at constant volume

M  Mach number

N square of Mach number

1387
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P total pressure

P gtatic pressure

Q heat content of flow based on total temperature, é = cPT

R gas constant

T total tempsrature .
t statlc temperature

v velocity

o angle through which supersonic stream ls turned to accelerate

from M =1 t0 M>1

Ac wave strength expressed in termes of deflection produced in
supersonic stream (positive value of Aa is that which
increases static pressure)

B Mach angle, sin"l 1/M

7 ratio of specific heats, cp/cy

e angle between local velocity ami direction of initial flow
o] density

Subscripts:

0 refers to initial conditions before addition of heat

1,2,3,... designate particular sector of flow field bounded by
waves, by heat-addition lines, or by both

METHOD
Bagic Conslderations

For the purposes of the method presented, the additlon of heat
to the flow in a stream tube 1s consldered a two-step process. The
stream tube is divided into short intervals along its lemgth, over
each of which a small change in heat content of the flow occurs. All
the heat addition in each interval is consildered to take place along
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a line at the middle of the interval. The heat addition 1s assumed
to take place at conatant atream-tube area. Following the heat addi-
tlon, the streamlines change directiom, with a corresponding change
in gtream-tube aree to adjust the local statlc pressure as required
by the adjacent flow,

Governing Equations

i The change in statlc pressure with a heat additicn AQ at con-
stant stream-tube area is obtalned by application of the conservation-
of -momentum and the continuity equations. For the constant-area ocase,
these equations have the form . )

P+ oV =K (1)

PV = KZ (2)

where K1 and K2 are constants, From the egquatlon of state for
perfect gsases,

P = PRt
and the equatlon for Mech number,

M= —
«/7Rt

equations (1) and (2) become, respectively,’

p(l9E) = K3 (3)
2 g2 | (+)

where N = M2, Differeatiation of equations (3) and (4), written in
the approximate-difference form, and substitution of

T = t(l + 22 N) yield, on the elimination of AN/N and Ap/p,

successlively,

7-1 )
Ap YN(é +5- N AT . A9 (5)
P (N-1) T TYQ
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AN _ AT D AQ
N = w-1) T =F \ (8)
where
7N(L+-z§l N
C = F-1) . : (72)
K(1+yN) @. + -L;}: N) .
D= T (7v)
Q = cPT (7¢)
AQ _ AT
= =7 (74)

Ad justment of the pressure following heat addition, as required by
the adjacent flow, 1s accomplished by a wave of strength Aa gen-
erated in the flow at the polint of adjustment shown in figure 1.
If Ap is the required pressure change ascross the wave, the value
is given by the simplified relation sultable for waves of small
atrength,

AD = —M.ACL = pA Aa (8)

q/N-l
where
N-1 '

and a positive value of Aa is that which produces an increase in
static pressure. The sum of statlc-pressure changes resulting from
heat addition at constant area, followed by pressure ad..justment is
obtained from equations (5) and (8):

21 x)
A;p__ﬂ(l* 8 , ¥ pw-02244040 (9)
P (N-l) Q L /F1 Q
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The Mach number change in the flow crossing the wave may be
obtained by differentiating the well-known Prandtl-Meyer expression

o B (B )

to obtaln the expression for a small finite change in a

(10a)

or

= - - Ac (1o0v)

K A/R-1

The total change in AN for the heat addition at constant area and
?ubs§quent pressure adjustment is obtalned from equations (6) and
10b) as .

AT (l+7N)(1 + L2 N) 2 2(1 + 22 N)

N R-1 Q N

A (10c)

Application of Governing BEquations

Equations are now developed for four distinct cases of flow
adJustment that arise 1n the solution of heated supersonic flows by
the method of thils report. To each case of flow adjustment corre-
sponds a generated wave pattern that can be computed by applicatilon
of equations (5) to (10b). Because the method of solution applies
to any mocde of heat addition that provides a continuous variation of
temperature along e streamline, the heat content per unit masss of
fluid Q may vary dlscontinuously with displacement across stream-
lines. For the speclal case in which the total temperature is con-
stant on all streamlines upstream of the hesgt-addition region and
lines of constant total temperature lle normal to the streamlines in
the heat-additlion zone, simplified expressions suitable for computing
working charts are obtained for the waves generated in the four cases

of flow adjustment.

«
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The marked effect of small quantities of heat added to the
flow, representing a change of several percent in total tempera- -
ture or heat content Q, on the local properties of the flow
requires that heat-additlon reference lines be drawn in the flow
to devide the flow into zones in which a change in heat content Q

.of only 2 or 3 percent occcurs. These reference linss, drawn normal

to the local streamlines for convenience, represent the interval
center lines discussed in the previous section, at which all the
heat added In the interval ias concentrated.

Cage I: wave generation at boundary between heated and unheated
flow. - The first case considered is schematically Illustrated in
figure 1, which shows the flow adjustment that occurs along a stream-
line separating heated and unheated portions of the flow. The pres-
sure equilibrlum that exists across the bounding streamline before
heat additlon 1s restorsd after heat addition by a deflection of the
flow accompanied by the generation of two waves of equal magnitude
but opposite sign, Bubsoripis used in the following derivations
refer to flow regions nmumbered in the figure, From equation (S5),
the pressure pz 1n the heated stream tube, after a head addition

of AQ, 1s

7N(1 + Z;—l- N) (aQ)5
Pz =P t D H-1 Q%
| 2

(11a)

where (AQ)z anmd Qz are associated with the flow in region 2. If
Aoy 1s the turn in the bounding streamline required to restore pres-
sure equlilibrium in the regions 4 and 5, then from eguation (8),

By =Pz = Py (%) Ao (119)

3

Do =P, + B (%) Aoy (11c)

If Aaq 1s the wave strength assoclated with the flow having the
value of N = N7, then the wave separating regions 3 and 4 has the
strength -Aaj. With the condition that the statlc pressures on
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both sides of the bounding streamline are squal after a heat addition
of (8Q)y, Py = Pg, &nd with the substitution of equation (1la) in

equation (11b), the following expression 1s obtained: N

7N@ + Zé—l N) (aQ),

N\ '
' 1 ' 2 .
W+ L2 w)| (aQ)
Py L+ (1 Tv-lz ) .sz _ ;I_ql) soy (114)

2 3

With the substitution in equation (114) of N5 in terms of Nz
by means of equation (6), and from the relation P; = Bas the solution
of the equation (11d)}.for Aaq; in terms of known quantities is

(4Q)2
2 Qg :

Aoy = -
- (aQ),1 7F,
Al + |1 + Cz % ===z

whers A, C, ani D are defined by equations (8a), (72), and (7D},
respectively, and

(12)

F=N+D AQQ' - (122)
The expression for Aay (equation (12)) can be written as a function
of N1/F2 and Nz that is convenlent for presentation in chart form.
The chart and its uses are presented when the complete graphlcal '
method 1s consldered,

The pressure change p,-P, is obtained by means of equations (110)
and (12) as
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\
(89),
Alcz. %

1+ E. +Cp (Agz‘z ;:?IJ

N

P4-P2 = P5-P1 = D1 (13)

Cagse II: interaction between wave and heat-addition zone. - In
the portion of the flow schematically depicted in figure 2, a wave
crosses a heat-addition zone at point: P. The flow above the stream-
line through P crosses the incident wave before encountering the
heat -addition zone. The flow in reglon 2 below the streamline through
P crosses the heat-addition line first. In order to equalize the
pressure in regions 4 and 5, the incident wave, on transmission
through the heat-addition zone at P, results in a modification of
the Incldent wave to a strength Aoy, and a generation of a wave of
strength Aaj. The pressure in region 7 is given (from equation (8))
as ;

LB (142)
=P + o .
B =m bR o

The corresponding change in Mach number may be obtained by use of
equation (10b). The pressure in region 6 is obtained by means of
equation (5) in terms of the flow quantities in region 7;

yN (1 + 222 NS, (aQ)
DPp = Dy + PT 2 1 (14b)
6.~ =17 N-1 Q

7

where AQ; and Q; are associated with the flow from region 1.

In order for the flows in regions 4 and 5 to have the same
direction, the strength of the wave Aay, arising at point P, is
determined as

Aoy = Aa - Acy (15)

The pressure in region 5 1g given in terms of the flow guan-

" tities in region 6 as
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Ps = Pg + Pg (7%£=) (Aa-Aoy) (140)

8

By subatituting successively for the pressure Pg and p7, the
. pressure in region 5 may be obtained in the following form:

- N (14—1;—3‘1?) (aQ), -
Ps = P} 1 V—ﬁ—-—i) Ao \1+ Fo1 N 1+C/;Tl) (Aa~Aay)
1 7

6

(144)

When equations (10b) and (6) are used to obtain the values of N at
regions 7 and 6, the equation (144) takes the form

7(N+BAa)[E + Z%l (N#BA%] (4Q)4
Ps = D (l + AlA(L) 1+ NBAo1 . o)
(4Q),
(F+BAw) (L+yN+7BAa) Eq-%]-'(IﬁBAaE] &
7 |N4+BAa, - m
1+ _ +BAa -1 __ R (Aa—Aa.k)
-1 (aQ)
JN s (N+BAa) (1+7N+7BAc) 1+7—2—(N+13Aa,:)] L
tHadsL = N+BAo. - 1
| 1 —
(14e)
where
2N (1 + 22 N)
B = - . (18)
J/N-1

Equation (16) may be more simply written, by means of the substitution

E=N+3BAa (14f)

1387
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-1
7E (1 + == E) (20);
= Ps =1y (1 +Ac) (1t L), @
Bt
" (4Q); | 7
E(1+7E) (1 + 222 E) &
7|E -
1+ ﬁ E-l > (Ao-Acy) | (14g)
_ AQ
E(1+7E) (1 + 22 E) (4 Q)l
L . [B-1 - 1
B-1 .=

In a similar manner, the pressure in region 4 may be cbtained as

F
. P, = Pp{ 1+ Cp (892 4y i1+ Cy (Ag)z 2 Aoy (14h)
Q2 2 | AF2-1

where C and F are functions of N as defined in equations (7a)
and (12a), respectively. With the use of p1 = p2 anmd pPs5 = p4,

equations (l4g) and (14h) may be solved for Aay &as a functlon of
the known quantities Ny, Nz, (AQ)1/Q1, (4Q)2/Qz, and Aa:

(AQ)2
Zl-l + lel Aa - 02 Qz

A = 17a
e Y177 + Vg (172)
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where

E(1 + 7E) (1 + 151 E) (Agil

7|E-
E-1 1

ner )1
y-1 AQ)1
B(1 + 7E).(i + oz E) L

E-1 ___]1

BE-1 -
> (18)

- A
7E(1 + 2 E) ( 2)1
Z1=(1+A1Aa1) + — L

._ll

(4Q)zis ¥
Wz =471 + CZ Qz (—;3)
. t 2 . J

Where the inltlal total temperature is constant and the heat addi-
tion is congidered constant along lines normal to the local stream-
lines, Q3 = Qp = Q and (AQ); = (AQ)y = AQ. Therefore, with

Ny = N3 = N, equation (17a) is written in terms of N, AQ/Q, and

Ao a8

Z-1 + YZ Ac - C A2
g (17p)

Aoy =
u'k. IZ + W

where Y, Z, and W are evaluasted as given by equations (18), with
Q1 = Q2 =Q, (AQ)1 = (AQ)2 = AQ, and Ny = N2 = K. The pressure

change may be written as

(4Q)2
Z1-1 + Y321 Aa - C2 )

- - AQ
p5p1=P4P1=02( )2+W2

1
Ll P Q2 ( °)

Y121 + Wo

1387+«
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Case ITI: wave propegation across adjacent stream tubes of
differing total pressure. - A wave passing through adjacent stream
tubes of differing total pressure produces unequal changes of statlc
pressure in the stream tubes., In order to maintain continuity of
static pressure and flow direction downstream of the wave, the wave
is modified In strength and another wave is generated at the stream-
lines separating two adjacent atream tubes of differing total pres-
sure, The situation schematically illustrated in figure 3 1s con-
sldered: A wave of strength Aa 1s shown crossing the boundary
between regions 1 and 2 in which the flow is parallel and at the same
static pressure upstream of the wave, but differs in Mach number. If
Aat is the strength of the wave transmitted through the bounding
streamline and Aay the strength of the wave generated at the bounding

streamline, then

N
P5 =Py + Pl("—) Ao . (20a)
V-1 1
= 2NN 20b
D3 pz+pz(m>2 o (20b)

The gensrated wave Aa, will produce a change of pressure that is
given by

P4 = D3 + D3 —'&) Ay (20c)
W1

In order for the flow 1n adjacent stream tubes to have the same
direction,

Ay, = Aa - Aoy (21)

The requirement that the pressures in regions 4 and 5 be equal pro-
vides, by means of equations (10b), (20), and ‘(21),
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p1(144] Aag) = Dp|(1+hp Ac) + (14hy Acc)%) (da-day)|  (22)
* /2

Inasmuch a8 pj = p2, solving for Aat/Aa gives

| ( 7B
At Ay + E_l)z (1+A5 Ax) (e

Acx'-.A. 2E_\ (144, Aa)
+ «
1 (1/_) 2

Where the strength of the lncident wave Ao ocan be assumed to be
small (|Aal = 1.000), calculations have shown that the pressure and
the Mach number changes from region 2 to reglion 4 can be congldered
to result from a combined wave of strength Aa + Aay, acting on the
flow in region 2. Equation (23a) then is of the simpler form

A A
ct =z 2 _q1.2% (23b)
SRS | ba

Ap

Case IV: heat addition across adjacent stream tubes of dif-
fering total pressure, - The difference in the change in static pres-
sure produced by additions .of heat to adjacent stream tubes of
differing total pressure 1s compensated by waves of equal intensity
and opposite sign generated at the streamline separating the two
stream tubes, as lllustrated in figure 4. If (aQ)1/Q1 &and
(aQ)2/Qz are the values associated with the flow from the regions 1

and 2, respectively, the pressure in the regions 6 and 3 are obtalned

from equation (5) as
Hﬂ;ﬂ
(aQ)1 : (26a)

(24b)

'l
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If Ao} 1s the wave associated with the Plow having the value of
N = N1, then the wave separating regions 3 and 4 has the strength
-Acy. The pressures in the regions 5 and 4 in terms of the flow
guantities 1n the regions 6 and 3 s respec%ively , are

2N
D5 = g + ps( ) Aay (24c)
VIl
_ -
P, = Py - pg,(-——) Aay (244)
VY N-1 3 _

Because ps = p4, the substitution of equations (24a) and (24b) in
equations (24c) and (244), respectively, yields

)] [ Q)] oF
pl{Ewl Qj+ 140, Qjﬁ‘l_flml}

(4Q)z | (aQ)2| 7F2
= D2 {E&Zz Qz_l -[1+Cz % Wi Aay (25)

where C and F are functions of N previously defined (egua-
tions (7a) and (12a), respectively). Because p1 = P2, equatiop (25),
solved for Aoy, yields ,

AQ AQ
o U o, 602
daq = - 1 + (aQ)z| 7%2 . ; 4 0y (B[ F2 (262)
Qz_|/Fa-1 QL_|4/F-1

If the initial total temperature is constant and the heat addition
1s constant along lines normel to the local streamlines,
(8Q); = (AQ); = AQ and Q; = Qp = Q. Then equation (26a) becomes
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- AQ

(Cy - C2) Q

Aoy = - - - (26b)
<1+02AQ)72 (1+01AQ)71

LT v/VRT

Working charts. - By means of equations (s), (8), (x2), (171v),
(23b), and (26b), and with ¥ =-1.4, charts were obtained to facili-

initial total temperature ig the same on all streamlines and the
lines of constant total temperature in the heated portion of the flow
are normal to the local streamlines, These conditions are approxi-
mated in ducts and channele having an initially uniform supersonic
flow in which heat release by chemical reaction is occurring in the
body of the Fflow. '

The exact differential form of equation (6), giving the change
In N with a heat addition of AQ/Q &t constant area, has been
integrated and the results are given in figure 5 for AQ/Q. of 0.02
and 0,03 with AR = Nj-N2 as the ordinate and Ny as the abscissa.
The statlc-pressure change and the total-pressurs ratloc across a heat
addition have been calculated by integrating the exact differential
form of equation (5) and using the values of N2 ocbtained Prom
figure 5 for a gilven ‘AQ/Q. The variation of the static-pressure
changs and the total-pressure ratio across a heat-addition zone with
N1, the value of K preceding heat addition are given in figures 3]
and 7, respectively.

The value of Aa) of case I as a function of Nz, with Nj/Ng

a8 & parameter, 1s presented in figures 8(a) and 8(b) by means of
equation (12) for AQ/Q@ of 0.02 and 0.03, respectively. The value’
of Aas in case II as a function of Ny with various values of Aa
is presented in figure 9 by means of equation (17b) for AQ/Q of
0.02 and 0.03 for both expansion and compresslon waves. The ratiocs
Aag/Aa. and Aan/Aac of case IIT are calculated from equation (23b)

and presented in figure 10 as functions of A;/As. (Equation (23b),
which is an approximate form of equation (23&% gives sufflicient

accuracy in the range N = 1.5 to N = 25,0 for small values of Ad.)

For |Aa| ® 1.00°, the use of the chart of figure 10 gives values of
the modified and generated waves, which have less than 0.5-percent
deviation from the values obtained from the more exact equation (23a).

The variation of A (equation (8a)) with N 1s shown in
figure 11, The value of Ay of case IV, celculated from egua-

tion (26b), is preéented in figures 12(a) to (12d4) as a function of

1387
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N1 with various values of No2. Figures 12(a) ard 12(b) give the
velues for Aa; of case IV with AQ/Q = 0.02, and figures 12(c)
and 12(d) give the values for Aay of case IV with AQ/Q = 0.03.
For a given AQ/Q, the ourve of Aay against N3 is coincident
for N2 = 3.0 and N2 = 4.0 and very similar for 3.0 <Nz < 4.0,
Figures 13 and 14 show plots of N against a«, the Prandtl-Meyer
turning angle, and N against B, the Mach angle, respectively,
with expanded scales that are convenient for graphical plotting.

COMPLETE GRAPHICAL, METHOD

The initial layout of the graphlicel construction for heated
supersonic flows begins as for an irrotational supersonic flow.
Curved walls bournding the flow are approximated by chord lines of
small angles of inclination relative to adjacent chord lines, If
the initial upstream flow 1s rotational, the flow 1ls divided into
stream tubes in each of which the Mech number is considéred to have
the value on the streamline through the middle of the stream tube.
The plot of the flow proceeds by successive application of the four
cases for whioh equations were developed in the preceding section of
the report. It is assumed that in eny problem the varistion in totel
temperature through the heated portion of the flow is sufficiently well
known for the accuracy desired in the construction of the flow. As the
flow construction proceeds, heat-addition reference lines are drawn
normal to the local streemlines. For flows in which the lines of con-
stant total temperature also lie normsl to the streamlines, the heat-
addition reference lines are also lines of constant total temperature.
In the interval between consecutive reference lines, the fractional
heat addition to the flow AQ/Q should be equel to or less then 0.03
for values of N from 1.5 to 16.0 in order for the equations repre-
senting the effect of heat addltiocn on the flow to apply with satis-
factory acouracy. For values of N greater than 16.0, smaller values
of AQ/Q are to be used, (for example, for N of 25.0, a satisfactory
value for AQ/Q is 0.02). When the total temperature is not constant
along reference lines, the flow is divided into stream tubes, in each
of which the total temperature is assumed constant and equel to the
average of the values at the bounding streamlines. A sufficient mumber
of stream tubes are chosen to epproximate the variation of total tem-
perature normal to the streamlines.

The application of the flow-construction method considered 1s
essentially the same for flows in which the total temperature is
constant or varies along lines normal to the streamlines, In order



18 NACA TN 2206

to 1llustrate the applicetion of the working charts, an example is
glven in which the total temperature is constant on lines normal to
the gtreanmlines,

This example, shown in figure 15, presents the contruction of
a heated supersonic flow adjacent to a curved wall. The flow,
initlally uniform at Mp = 4.0, 1s bounded by a single wall curved
through 4° on & circular arc between pointe A and B and the
unheeted flow extending to Infinity. The streamline bounding the
hested portion of the flow goes through pointse B and F. A gquan-
tity of heat AQ/Q = 0.03 1s added at regularly spaced intervals
corresponding to 1© turn of the bounding wall. In any interval n,
Q = Qo(1 + 4Q/Q)", where Qp 1s the value of @ before heat addi-
tion, Waves arlsing or reflected from curved walls bounding the flow
gre handiled In the manner employed In two dimensional irrotational
flows.

The curvell wall is approximsted by chord lines of increasing
inclinatlion to the initial flow direction in increments of 1°., The
first wave is generated at the wall at polnt C with the strength
Aa = =1,0°, The corresponding Mach number change and Mach angle B
imposed on the flow by the wave are obtalned from figures 13 and 14,
respectively, which give, for Nj = 16.0 and Aa = -1.0°0, N2 = 16.62
eand B = 14,48°, The value of N and the inclination of the flow %o
the initial flow direction arse recorded in figure 15 as N/, which
in this case is 16.62/-1,000°, Negative values of € indicate a
clockwise turn of the flow where the initial direction of the flow 1s
from left to right. At the intersection of the wave and the first
heat-addition reference line at D (fig. 15), the situation classified
as case II ccecurs. The generated and transmitted waves are obtained
from figure 9(c) and equation (15). With A« = -1.00°, Nj = 16.00,
and AQ/Q = 0.03, Aaj 1is equal to 0.034° and Aoy = -1.034°, The
change in the value of N across the heat-addition reference line
is obtained from figure 5, with subscripts 1 and 2 representing the
upstream and downstream flow, respectively. The change in the value
of N é&cross each wave 1s obtalined from figure 13, The values for
N and 6 are shown in the appropriate sections of the flow (fig. 15)
and Aaj and Aak are recorded on the corresponding waves. The
gtreamline through point D (fig. 15) is turned through an angle Aay.

The flows above and below this streamline have different tobtal pres-
gures and the streamline DH i1s drawn in the plot of the flow to

demark this difference.
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Along the streamline bounding the heated and unheated flow, two
waves of equal magnitude bubt opposite sign are generated at the
point of intersection E (fig. 15), with a heat-addition reference
line corresponding to the sltuation classified as case I, The value
of Aa} 1is obtained from figure 8(b) for N1/N2 = 18/16 = 1.00, as
Aa] = 0.899. The change In N of the unheated fiow is obtained
from figure 13 for N = 16 and Aa = Aaj = 0.899, The change in N
of the heated flow across the heat-addltion zone is obtained from
figure 5 for N1 = 16 and AQ/Q = 0.03, as N = 13,33, and across
the wave Aa = -Ao; = -0.899 from figure 13 for N = 13 33 and
Aa = -0.899 as N = 13.78. The flow zomes lnvolved are labeled with
the approprlate values of N anmd 6 and the strength of the waves
are indicated as well. It should be observed that a positive (com-
pression) wave extending from the- upper left to the lower right will
produce a clockwise turning of the flow, as dces a negative (expan-
sion) wave extending from the lower lef+ to the upper right (for
example, polnt D). Likewise, a counterclockwise turn of the flow 1s
produced by both a positive wave extending from the lower left to
the upper right and a negative wave from the upper left to the lower
right (for example, point E).

At point F in figure 15, a wave 1ls Incident on a stresamline
separating regions of differing total pressure, which corresponds to
cage ITT, An enlarged figure of the zome in the mneighborhood of
point F is shown in figure 16(a). The required values of A) end
A2 are obtained from figure 11 for N3 = 14,55 and N2 = 10.59,
glving A7 = 5.534, A = 4.788, and Ay/A2 = 1.156. By using fig-
we 10, the corresponding values of the transmitied and reflected
waves Aat and Aar (Plg. 3) may be obtained as -0.988° and
-0.0770, respectively, for Ao = -1.065C¢, The change In N across
the varlous waves is obtalned from figure 13 for the correspornding
initial wvalues of N. The Mach angle between the streamline and
the waves 18 obtained from figure 14 as the angle 8. It should be
noted that whenever A3 and Az are very nsarly equal, the walue
of Aay 1s so emsll that it can be assumed to be negligible and

Aot 1s then equal to Aa (fig. 10).

Waves generated by the addition of heat to adjacent flows of
different total pressure, considered as case IV (fig. 4), are shown
in figure 15 at point G and are illustrated in detall in figure 16(Db).
The strengths of the generated waves, which are equal In magnitude
but opposite in sign, are cbtained from figure 12, depending on the
value of AQ/Q and N,. For the case cited, N = 10. 52, Nz = 10.39,
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4Q/Q = 0.03, and Acl is evaluated as -0.0050. In general, the
value of Aoy 1s very small unless N; and N, differ appreci-

ably. The change in the value of N across the heat-addition zons
and the waves are obtained successively from figures 5 and 13 for
the appropriate local values of N, and the corresponding values of
B are obtained from figure 14.

An enlargement of the region near point H in figure 15, in
which the combination of cases II and IV occurs, is presented in
figure 16(c). The wave Aa = -0.966 crosses the heat-sddition ref-
erence line at point H, as does the streamline that separates two
regions of differing total pressure., From the graphical solution of
cage II, the values of the transmitied and the generated waves are
Ack = -0.995 and Aaj = 0.029, respectively. For case IV, the values

of the generated waves are A“upper = -0.002 and Ao uen = O. ooz,

Therefore, the values of the transmitted and the generated waves of
cage II and case IV are sunmed algebraically and plotted as -0.997
and 0,031, respectively, as shown in figure 16(c).

It is evident that the mumber of waves and streamlines gepa-
rating regions in the flow increases as the plot of the flow develops.
When 1t becomes desirable to limit the number of waves and stream-
lines that must be plotted, several devices may be used for combining
waves and reducing the number of streamlines separating flows of dif-
fering total pressure. A typical example of the reduction in the
number of waves by combinstion of a weak and en sdjacent strong wave
is shown in the region about I 1n figure 15, wherein weak waves are
designated by short dashed lines. Figure l7(a) presents an enlarge-
ment of ~the portion of figure 15 near point I. The wave Ao = 0O, 030°
is combined with the wave Aa = -0.9250 by using algebraic addition
of the wave strengths to glve a resulting wave of strength Aa = -0.8850,
This device 1s generally employed at the heat-additlon reference line
becauge every wave that crosses a heat-addition line generates an addi-
tional wave of minor strength. Figure 17(b), which gilves an enlarged
view of flgure 15 near point J, deplcts a similar situation where the
incoming minor wave Aa = 0.034C 1s combined with the wave Aa = -1.000
arising at the wall boundary. The wave that 1s drawn downstream from
point J at the wall bourdery is equal to -.09660, which represents the
algebralc sum of both wave strengths. This method of combining waves
avoids the atcumilated error that would result from neglecting the
minor waves and introduces only minor local errors in the flow,

A method for reducling the number of streamlines separating regilons
of differing total pressures is presented in figures 17{(c) and 17(d),
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which show an enlarged portiomn of figure 15 near point K, In fig-

ure 17(c), the streamlines E and F, if drawn past waves U and V,
would separate reglons of different total pressures but of the same
static pressure. A single streamline H replaces E and F (fig. 17(d)).
The streamline H 1s positioned according to the eguation

(Np-N;)d = (Ng-Np)e (27)

The flow zone Nz 1s eliminated, This procedure may somewhat dis-
tort the rotational properties of the flow; also, when the differences
in N %become large, the accuracy of the resulting plot may be impaired.

If the number of strong waves that arlse at the fixed or free-
stream boundaries becomes very great, the method 1lllustrated in flg-
ure 18 can be used at the expense of accuracy in the plot of the flow
to reduce the plotting work. Along a line lmmediately upstream of
& heat-addltion zone, a break 1s made in the plot of the flow. Imn
the space provided by the break, a simplified form of the flow 1s sub-
stituted for the upstream flow., In figure 18 the letters A, B, C, D
designate waves lmmediately upstream of a heat-addlition zone. In
each region of constant total pressure, such as that enclosed by
streamlines R and S, waves of the same family as A and C are combined
by edding thelr strengths. The combined wave 1ls located at the

' welghted mean distance between wave A and C, Aa = Cc, when A and C

ars taken to represent the absolubte magnitude of the strengths of the
correapondilng waves.

The statlc pressure at any point in ‘the flow fileld may be obtalned
from the relation

-7
P _ 7-1 7-1
'f‘(l* 2 N)

where P and N are the local values of the total pressure amnd the
Mach mumber squared, respectively. The local value of N appears

on the graphical plot. Because the total pressure changes with heat
addition in & manner that depends on the variation of N along each
streamline, the local value of the total pressure must be obtained by
tracing the changes in the total pressure along the partlcular stream-
line passing through the given point. In order to obtain the change
in the total pressure across each heat addition of 4Q/Q, figure 7

or the relation _
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) - __Zi
-1 7-
Py (1 + 97Ny) (1 + 5= N;S]

BT T+ ) (1 s 222 Nf)J

may be used, where the subscripts 1 and 2 refer to the regions
upstream and downstream of a heat-additlon reference line on the
graphical plot of the flow fleld,

Lewis Flight Propulsion Laboratory,
National Advisory Committee for Aeronmautics,
Cleveland, Ohio, May 31, 1950.
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